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ABSTRACT We consider a Euler-Bernoulli beam with sliding cantilever boundary conditions at both ends.
The control input to the beam is the force acting on one of the cantilevers. We derive an n™-order semi-
discrete approximation of the beam PDE and prove that the solution to the n-order semi-discrete system
converges to the solution of the PDE as n tends to infinity. The motion planning problem addressed in this
paper is to find a control input which will transfer the beam PDE from one steady state to another over a
prescribed time interval. To address this problem, we design control inputs for transferring the semi-discrete
systems from one steady state to another using the flatness technique. We show that a control input which
solves the motion planning problem for the beam PDE can be obtained as a limit of a sequence of control
inputs which solve certain motion planning problems for a sequence of semi-discrete systems of increasing
order. We illustrate our theoretical results in simulations.

INDEX TERMS Euler-Bernoulli beam, flexible structure, finite-difference scheme, motion planning, semi-

discretization.

I. INTRODUCTION
In the early lumping approach to the control of a dynamical
system modelled by a partial differential equation (PDE),
a set of ordinary differential equations (ODEs) in time called
the semi-discrete approximation of the PDE is obtained by
approximating the spatial derivatives in the PDE. Depending
on the control objective, a finite-dimensional controller
design technique is selected for constructing a control signal
for the semi-discrete system. It is then shown that better is the
approximation of the spatial derivatives, closer is the control
signal constructed for the semi-discrete system to a limiting
control signal which solves the control objective for the PDE.
Therefore implementing the control signal constructed for a
sufficiently accurate semi-discrete system on the dynamical
system will result in satisfactory realization of the control
objective.

An appealing feature of the early lumping approach is that
existing finite-dimensional controller design techniques can
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be used to design control signals for the PDE. This approach
has been used to design stabilizing controllers for PDEs by
solving the algebraic Riccati equation [1], [2], [3], [4], [5],
to design adaptive controllers for the heat equation using the
backstepping technique [6], [7] and to study controllability
and observability of Euler-Bernoulli beam PDEs [8], [9],
[10], [11], and [12]. From these works it is evident that the
properties of the numerical scheme used for obtaining the
semi-discrete approximation of the PDE play an important
role in the early lumping approach. The early lumping
approach has been combined with the flatness technique
to address motion planning problems for parabolic PDEs,
see [13], [14], and [15]. Inspired by this, in the present
paper we combine the early lumping approach with the
flatness technique to address a motion planning problem for
a Euler-Bernoulli beam PDE.

Consider the Euler-Bernoulli beam of unit length with
sliding cantilever boundary conditions shown in Figure 1. The
control input to the beam is the force acting on the cantilever
located at the right end of the beam. The steady states of
the beam are just the stationary undeformed (horizontal)
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FIGURE 1. Schematic of a Euler-Bernoulli beam with sliding cantilever
joints at both the ends.

configurations of the beam. In this paper, we address the
motion planning problem of finding a control input which
will transfer the beam from one steady state to another over a
prescribed time interval. To solve this problem, we introduce
a semi-discrete approximation of the beam PDE and establish
its properties. Using the flatness technique, we solve the
motion planning problem of finding a control input which
will transfer the semi-discrete system from one steady state
to another over a prescribed time interval. Finally, we show
that a control input which solves the motion planning
problem for the beam PDE can be obtained as the limit of
a certain sequence of control inputs which solve the motion
planning problem for a sequence of semi-discrete systems of
increasing order. We remark that motion planning problems
for Euler-Bernoulli beams with other boundary conditions
have been solved by applying the flatness technique directly
to the beam PDE without discretizing it, see for instance [16],
[17], [18], [19], [20], and the same direct approach can
potentially be used to solve the problem considered in this
paper. However, our goal in this work is to explore whether
and how early lumping approach can be used to solve
this problem; This will provide insights for applying the
early lumping approach to solve motion planning problems
for more complex PDEs (higher-dimensional PDEs and
nonlinear PDEs) when it is difficult to apply the flatness
technique directly.

The main contributions of this paper are as follows: (i)
We have derived an nM-order semi-discrete approximation
for the beam PDE using the finite-difference scheme and
established its salient properties. Using these properties we
have shown that the solution of the n™-order semi-discrete
system converges to the solution of the PDE as n tends to
infinity. While we have proved this convergence for special
initial states and inputs as needed in this work, the ideas in
our proof can be adapted to establish the convergence for a
larger class of initial states and inputs. (ii) We have shown that
the motion planning problem considered in this work can be
addressed via the early lumping approach. More specifically,
we parameterize the inputs which solve the motion planning
problem for the n™-order semi-discrete system in terms of
certain coefficients. We show that these coefficients converge
to a limit as n tends to infinity and using these limits we find
the input which solves the motion planning problem for the

33666

beam PDE. We remark that the semi-discrete approximation
scheme that we have introduced can potentially form the basis
for solving other control problems (different from motion
planning) via the early lumping approach.

While proving that the solution to the n™-order semi-
discrete approximation of the PDE converges to the solution
of the PDE (contribution (i) mentioned in the previous
paragraph), we allow the flexural rigidity EI of the beam to
be spatially varying, i.e. we consider a nonuniform beam.
However, while proving that the control inputs derived for
the semi-discrete systems converge to a control input which
solves the motion planning problem for the PDE (contribution
(ii) mentioned in the previous paragraph) we suppose that
EI is constant, i.e. we consider a uniform beam. We remark
that the control inputs derived for the semi-discrete systems
converge to a control input which solves the motion planning
problem for the PDE even when the beam is nonuniform, and
we have demonstrated this numerically in this paper. We hope
to establish this theoretically in a future work.

A preliminary and abridged version of some of the results
presented in this paper have appeared (without proofs) in
our conference paper [21] which considered Euler-Bernoulli
beams with hinged boundary conditions. While the solution
to the motion planning problem in [21] required two inputs,
the solution in this paper requires only one input which is
a significant improvement. Furthermore, this paper contains
stronger claims supported by complete proofs.

The rest of the paper is organized as follows. Section II
introduces the PDE model for the beam and the motion
planning problem addressed in this work. In Section III we
present our semi-discrete approximation for the nonuniform
beam PDE. Our solutions to the motion planning problem
for the semi-discrete system and the uniform beam PDE are
presented in Sections IV and V, respectively. These sections
also contain numerical illustrations of our theoretical results.
In Section VI we demonstrate using a numerical example that
our approach to solving the motion planning problem is also
applicable to nonuniform beams. Finally, some concluding
remarks are presented in Section VII. The notations used in
this paper are introduced below.

Notations: Let H¥(0, 1) denote the usual Sobolev space of
order k > 1 with the standard inner product. The space of
continuous and k-times continuously differentiable functions
from an interval [a, b] to a Hilbert space X are denoted by
C([a, b]; X)and C k ([a, b]; X), respectively, and they are both
Banach spaces with the usual norm. The set of functions
which belong to Ck([a, b]; X) for every k > 0 is denoted
by C*®([a, b]; X). We write C*[a, b] instead of C¥([a, b]; R)
and C*®[a, b] instead of C*®([a, b]; R). The m™ derivative of
a function y € C*°([a, b]; X) is written as y(’"). A function
y € C*®[0, T]1is said to be a Gevrey function of order s > 0 if
it satisfies the estimate sup, (o 7 Y@ < D" m!l) for
all m € N and some constant D > 0. We denote the set of all
functions satisfying these estimates by G,[0, T].

For any integer n > 1 and v € R”", we denote the
7™ component of v by [v]j and define |[vos = VhvTv
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and ||vllo = maxi<j<u|[v]i]. Here h = 1/(n — 1). The
discretization operator R, : C[0,1] — R” is defined as
follows: forany z € C[0, 1], R,z = [2(0) z(h) - - - z(nh—h)]".

Il. BEAM MODEL, SOLUTION AND PROBLEM STATEMENT
Consider the following model for a Euler-Bernoulli beam of
unit length which has sliding cantilever boundary conditions
at both the ends: For ¢t > 0,

Wi (X, 1) 4 (EWx)x (x, 1) = 0 Vxe© D, (1)
we(0,1) =0,  (Elwy)x(0,1) =0, 2)
we(l, 1) =0, (Elwx)(1, 1) = f(0). 3)

Here w(x, t) is the displacement of the beam at the location
x € [0,1] and time ¢ > O, the strictly positive function
EI € C*0,1] is the flexural rigidity of the beam and
f(¢) is the input force acting on the cantilever joint at
x = 1. A schematic depicting the beam and the boundary
conditions is shown in Figure 1. Let T > 0. A function
w e C3([0, T1; L%(0, 1)) N C([0, T1; H*(0, 1)) is said to be a
solution of the above beam model if it satisfies (1) for each
t € [0, T] and almost every x € (0, 1) and satisfies (2)-(3) for
eacht € [0, T] and some input f € C[0, T]. We introduce the
semigroup associated with (1)-(3) in the next paragraph and
then present an expression for the solutions of (1)-(3) using
this semigroup. The motion planning problem addressed in
this paper is introduced at the end of this section.

The differential operator associated with the PDE (1)-(3)
is P : L%0, 1) — L%(0, 1) whose domain is

D(P) = {u € H(0, 1)|1(0) = (Elu)(0) = 0,
1y (1) = (Eluyy ), (1) = 0}

and Pw = (Elwy)y for all w € D(P). It follows via
integration by parts that the operator P is self adjoint and
non-negative. So P 4 I (where [ is the identity operator on
L*(0, 1)) is self-adjoint and positive (coercive) and D(P) =
DP+I).Let(P+1 )% be the unique positive square root of
‘P + 1. Consider the space Z = D((P + I)%) x L2(0, 1) with
the inner product

(21.22)z = (P + Dur, (P + D)o + (vi.vahye - (4)

forallz; = [ug vi]' € Zandzp = [uz v2]" € Z. The norm
on Z induced by this inner product is

1 u
Izl = 1P+ D2ull7, + vl vZ=[v]ez. )

Then Z is a Hilbert space and the operator

0 1
[—P 1 0] ©

with domain D(P) x D(P + 1 )%) C Z is the generator of a
strongly continuous semigroup on Z, see [22, Example 2.2.5].

Hence the operator
0 I
=[5 )
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which differs from the operator in (6) by a bounded
perturbation, also has domain D(A) = D(P)x D(P+I1 )%) C
Z and is the generator of a strongly continuous semigroup T
on Z. Below we present an expression for the solutions of (1)-
(3) in terms of T, see (15).

Let u € C°°[0, 1] be such that
px(0) = (Elpxe)x(0) = px(1) = 0, (Elpx)x(1) = 1. (7)

Fix T > 0 and input f € C*°[0, T] such that
f(0)=f©0)=0. (8)
Define

wix, 1) =wx,t) — ux)f ) Vxel0,1], t €[0,T].

C))

Substituting w = w + uf in (1)-(3) we get that w satisfies the
following PDE: For ¢ € [0, T'],

Wi (X, 1) + (EDWx )xx (%, 1) + (ET ) xc (0)f (1)

+u@)f@) =0 Vx € (0, 1),
(10)
We(0,1) =0, (ELvy)x(0, 1) = 0, (11)
we(l, 1) =0, (EIwe)x(1, 1) = 0. (12)

Denote w(-, t) by w(t) and w(-, t) by w(t). The above PDE
can be rewritten as an abstract evolution equation on the state
space Z as follows: For ¢ € [0, T],

[VV’(’)} —A [W)] + Fo). (13)

Wi (1) Wi (1)

where F = [0 —(El te)wof —f 17 € C([0, T1; Z). Given
an initial state [u v]T € D(A), we can apply the regularity
result [22, Theorem 3.1.3] to (13) and conclude that w given
by the variation of constants formula

~ t
[V;V,((tz))} =T, m +/0 T, F(t —v)dt Vtel0,T] (14)
belongs to C2([0, T]; L*(0, 1)) N C([0, T]; H*(0, 1)), it sat-
isfies (10) for each ¢ € [0, T] and almost every x € (0, 1),
it satisfies (11)-(12) for each ¢ € [0, T], and w(0) = u and
w;(0) = v. Using this, the relationship between w and w in (9)
and the properties of © and f in (7)-(8) we can conclude via
a simple calculation that w defined as

w(?) u ' If (1)

[wt(t)} =T, |:v] +/O T, F(t—rt)dt + [Mf(l)] (15)
for all + e [0,T] belongs to C2([0,T]; L*(0,1)) N
C([0, T1; H*(0, 1)), it satisfies (1) for each r € [0, T] and
almost every x € (0, 1), it satisfies (2)-(3) foreach ¢t € [0, T],
and w(0) = u and w;(0) = v. In other words, w given by (15)
is the solution of (1)-(3) corresponding to the initial state
[# v]T and input£. In the next proposition we will show under
certain additional hypothesis on the initial state and input that
w e C([0, T1; C7[0, 1]).
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Proposition 1. Fix T > 0. Suppose that the initial state
[u v]T € D(A®) and the input f € C*®[0, T] with

F®0)=0 Yk >0. (16)

Then the solution w of the PDE (1)-(3), corresponding
to this initial state and input, given by (15) belongs to
C>([0, T1; [0, 1]).

Proof: Using (16) in the definition of F given below (13)
we get that F € C*°([0, T]; Z) and

FOWO)=0 Vk=>0. (17)

Differentiating (15) k-times with respect to time and then
using (17) and the definition of F we get

(k) f
[WV(V,( +1(f()t)] = T, A* m + /0 T, FO@ — v)de

®(r)
" [ul;{"*”(t)} (1%

forallt € [0, T] and k > 0. The three terms on the right side
of the above expression resemble the three terms on the right
side of (15) (with A¥[u v]T € D(A) instead of [u v]' €
D(A), F® e ([0, T1; Z) instead of F € C®([0, T1; Z)
and f® e C*[0, T instead of f € C*[0, T]). Therefore
via the reasoning that enabled us to conclude that w given
in (15) belongs to C([0, T1; H*(0, 1)), we get that w*) given
in (18) belongs to C([0, T']; H*(0, 1)). Since this is true for
all integers k > 0 we have

w e C*°([0, T1; H*[0, 1]). (19)

Now since w satisfies (1), i.e. (EIwy)xc(t) = —wy(t) for
each t € [0, T], we can conclude using (19) that Elw,, €
C([0, T1; H®[0, 1]) which together with EI € C*[0, 1]
implies that w € C*°([0, T']; C5[0, 1]). This completes the
proof. d

A steady state of the PDE (1)-(3) is a vector [u v]T € D(A)

such that
A H —0.
v

Using the definition of A and D(A) it is easy to see that all
the steady states of (1)-(3) are of the form [ 0], where u is a
constant function on the interval [0, 1]. Suppose that [wy 0"
is a steady state of A, then

<[5 [

We say that f transfers (1)-(3) from [ug volT to [ur vr
over the time interval [0, T'] if the solution w of (1)-(3) for the
initial state [uo vo]' and input f satisfies [w(T) wi(T)]T =
[ur vr]'. In this paper, given T > 0 and steady states
[wo 0]" and [wr 0]", we are interested in the problem of
finding an input f € C*[0, T] which transfers (1)-(3) from
[wo 01T to [wr 0]T over the time interval [0, T]. However,
we will assume that the initial state is zero and then address
this problem. This does not lead to any loss of generality since

Vi>0. (20)

]T
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if f transfers (1)-(3) from the zero state to [wr — wy 01"
over the time interval [0, T], then using (20) and (15) it is
easy to verify that the same f transfers (1)-(3) from [wyg 01"
to [wy 0]" over the time interval [0, T']. To summarize we
address the following problem in this paper:

Problem 1. Given T > 0 and a steady state [wr 01" of the
PDE (1)-(3), find an input f € C*°[0, T] which transfers the
PDE from the zero state to [wr 01T over the time interval
[0, T].

In Section V we prove that there is a solution to the above
problem for any 7 > 0 and any steady state [wy 0]" when
EI is a constant. Using a numerical example we demonstrate
in Section VI that our solution is also applicable when EI is
spatially varying.

Remark 1. Suppose that EI is a constant in the
Euler-Bernoulli beam PDE with sliding cantilever boundary
conditions (1)-(3). Then the change of variable u = wy
transforms (1)-(3) to a beam PDE with hinged boundary
conditions, and motion planning for such beams has been
considered in [9]. Under this transformation all the steady
states of the sliding cantilever beam are mapped to the
zero function, and so Problem 1 cannot be addressed by
reformulating it as a motion planning problem for the
transformed hinged beam.

Ill. FINITE-DIFFERENCE SEMI-DISCRETIZATION

In this section we derive a semi-discrete approximation for
the PDE (1)-(3) by replacing the spatial derivatives in (1)-
(3) with their finite-difference approximations. We then
show that the solution of the semi-discrete approximation
converges to the solution of the PDE as the discretization step-
size converges to zero.

Consider a function w € CZ([O, T1; C3[0, 1]) which
satisfies the PDE (1)-(3). Let h = 1/(n — 1), where n > 5 is
an integer. Then for each j € {2,3,...n — 3} we get using
Taylor’s theorem that

(EWyxx)xxGh, t)
w(jh — 2h, t) — 2w(jh — h, t) + w(jh, t)

= EIGh— b .
apig U R0 = 200 w4 D)
ih)— 2w + h)-+wGih + 21
+ 1G4 VTR DIV oy ),

where O(jh, t) satisfies the bound

sup |OGh, 1)] < Kh sup |lw(-, Dllesp,; (2D
1€[0,T] 1€[0,T]

for some K > 0 independent of A, j and w. Using Taylor’s

theorem again, along with the boundary conditions (2)-(3),

we get the following expressions for (EIw,y ). (h, t) for j €
{0,1,n—2,n—1}:

w(0, 1) — 2 w(h, 1) + w(2h, )

(EIwyxy)xx (0, t) = EI(h) A
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B (EI(O) N hEI;(O)) 2w(h, t)h—42w(0, N, 0.9,
Ebvoroath 1) — EICH) wih, 1) — 2 w(ziz, ) +w(3h, t)

w(0, 1) — 2 w(h, t) + w(2h, )

— 2EI(h) -
El, 2w(h, 1) — 2w(0,
+ (EI(O) 0 3(0)) wik f>h4 O o,
(EIwxy)xx(nh — 2h, t)
_ EI(1 o= D =2 w(nl;:fﬁh, 1) + w(nh—2h, 1)
—2EI(1—h) w(nh—3h, 1)—2 w(nZ4—2h, t)+w(nh—h, t)
n (E,(l) _ hEIx(l)) 2w(nh — 2h, 1) — 2w(nh — h, 1)
3 h4
Q)
+, TOwh—h.D).
(EWxx)xx(nh — h, 1)
— EI( _h)w(nh—h, -2 w(nh};Zh, 1) + w(nh—3h, t)
_ (EI(]) 3 hEIx(l)) 2w(nh — 2h, t) — 2w(nh — h, 1)
3 h4
2f (1)

—— 4+ O(nh — 2h, t
+ T + O(n )-
Here O(jh, t) satisfies the following bound:

sup |O(]h t)|<K Sup ”W( t)”CS[O 1] (22)
tel0,T] tel0,T

forj € {0,1,n —2,n — 1} and some K > 0 independent of
h,jand w. Let

Vo = [0, 1) wih, 1) -+ winh —h,1)]"
From (1) it follows that
Vn(t)=— [(EIWxx)xx(Ov )

Substituting the expressions derived earlier for (Elwyy)xx
(jh, t) in to the above equation we get

V(1) = —Puvp(t) + B,f(t)+ On(1), (23)

where the j entry of O,(t) € R" is —O(jh — h, t) and the
matrices P, € R™" and B,, € R" are as given below: P, =
L;r E, L, where

(Ewy)we(nh — h, )]

V2 V2 0 .. ... .. 0 7
1 ) 1 0o .- ... 0
. 0 1 -2 1 0 0
L=z | 0 e ]
0 0 1 =2 1 0
0 Y | 1 ) 1
) cee e e 0 V2 =2
(24)
E, = diag [EI(0) + "E5O Erny ... EI(1 — by EI(1) — 5D ],
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B =+ [
Dropping the correction term O,, from (23) and then writing it
as a first-order equation we obtain the following semi-discrete

approximation for (1)-(3) when the input f = f,:

{’n(t) _ vu(t) 0
[vn(t)] =An [wm} + [Bn]f"(”

where

_z]T_

1
00 —% —3

V>0, (25

0 I
=2 ] 2

Observe that the first and the last entries of the matrix E,
defined below (24) are larger than a strictly positive constant
independent of n for all n sufficiently large. We will assume
that this is true for all n to simplify our presentation. Dropping
this assumption will not affect any of our results since we are
only concerned with the solutions of (25) as n — oo.

The following lemma summarizes the accuracy of the
Taylor’s theorem based finite-difference approximations
presented above in a form that is subsequently used in this
paper. Recall h = 1/(n — 1), the discretization operator R;,
and the norm || - ||2¢ from the notations in Section I.

Lemma 1. Fix T > 0. Suppose that £ € C([0, T]; c30, 1])
satisfies £x(0,t) = 0, (EI&)x(0,¢) = 0 and &(1,1) = 0.
Define f:(t) = (EI&y)x(1,1). Then there exists a constant
¢ > 0 independent of n and & such that

sup ”Rn(EISxx)xx('a ) — Pan‘f;'(~, 1)+ ans(t)”2d
t€(0,T]

< cvh sup [5G, Dlieso,n (27
tel0,T]

foralln > 5.

Proof: For a vector v € R", recall that [v]; denote its jh
component. From the expressions above (21) and (22) (with
& in place of w) and the definitions of the matrices P, and B,
we get

[Rn(Elgxx)xx(" t) - PanS('» t) + an&(t)]j+l = O(j/’l, t)

(28)

forj € {0,1,...n — 1} and from (21) and (22) we get that
there exists a constant K > 0 independent of 4, j and & such
that

sup |O(jh, )] < Kh sup [IEC, Dllespo.y (29)
tel0,T] tel0,T]

forje {2,3,...n—3}and

sup |OGh, )] <K sup [IEC, Dliespy (30)
1€[0,T] 1€[0,T]
forj € {0, 1,n — 2, n — 1}. The estimate in (27) now follows
immediately from (28)-(30) and the definition of || - ||24. U
The next lemma presents a type of discrete Sobolev
inequality needed in the proof of our convergence result
Theorem 2.

33669



IEEE Access

S. Chatterjee et al.: Semi-Discretization of a Euler-Bernoulli Beam and Its Application

Lemma 2. For each €¢ > 0, there exists an N(e¢) >
0 independent of n such that

IVIIZ, < €llLavlI3, + N(©)IvI3y VveR". (31)

Proof: From [13, Eq. (3.19)] we get that for each € > 0,
there exists a C(¢) > 0 independent of n such that

n—1

R )2
iz, < e S LI 2D e g2,

VveR"
. h ’
i=1

(32)

Recall that [v]; denotes the iM-component of the vector v.

(Note that [13, Eq. (3.19)] is in terms of || - ||% while the above

equation is in terms of || - ||%d and || - ||%d =h| - ||%.)
Consider the diagonal matrix

A simple calculation using the definition of L, gives
-1

p =—hv' I',L,v

i=1

Bounding the term —hv'T,L,v on the right-side of the
above equation using the Cauchy-Schwartz inequality and the
Young’s inequality we get

-1

"Z ()it — 1)

2 2
i < [Lyvllag + VI54-

i=1
The estimate (31) now follows from (32) and the above
inequality. g
For the semi-discrete system (25), we take the state space
to be Z; = R” x R” with the following inner product:

<[u1] , |:v1]> = hu;rvl + hu;rL,;rEnanl + hu;vz
u|"|vally,

for all [u; u2]" € Zy and [v; vo]T

[u; up]" € Zy is

2
ui
‘ |:M2i| Zg
Recall A,, from (26) forn > 5, and P,, = L,TEnLn from
above (24). It is easy to see that
u
u

(o] [, =8 <3
u w |y, 2 Z

for all [u; u2]” € Zy. Let A} be the adjoint of A,. Then
for each z € Z; we have (Afz,z)z, = (z,An2)z, by
definition and (z, A,z)z, = (Anz, 2)z, since the inner product
is symmetric. So (AYz, z)z, = (Auz, z)z,. Using this and the
above inequality, it follows from [22, Corollary 2.2.3] that

€ Zg. So the norm of

= w13, + IEV Loy 13, + lu2ll3,. (33)

2

Ant”

M| < e? Vi>0, Vn>S5. (34)

In the above estimate, ||e*»|| is the matrix norm of e
induced by the norm on Z;.
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The following theorem is the main result of this section.
It shows that when the initial state of the PDE (1)-(3) is zero
and the input satisfies certain smoothness assumptions, the
solution of the nM-order semi-discrete approximation (25)
converges pointwise to the solution of the PDE (1)-(3) as
n — oo. We remark that the ideas in the proof of this
theorem can be adapted to establish convergence results under
milder hypothesis on the initial state and input. Recall the
discretization operator R, from the notations in Section 1.

Theorem 2. Fix T > 0. Consider a function f € C*°[0, T]
and a sequence of functions {fy}n>0 in C*°[0, T] satisfying
F®00) = £500) = 0 for all k > 0 and

nlggo (lfn —f||c4[0,T] =0. (35)

Let w be the solution of (1)-(3) on the interval [0, T] with
the initial state w(-,0) = 0, wy(-,0) = 0 and input f. For
n=>2>5, let [:Z] be the solution of the n_order semi-discrete
system (25) on the interval [0, T with zero initial state and

input f,,. Then
Ryw(-, 1) V(1) _
hwwwj‘[wmmw‘o' G0

Proof: From Proposition 1 we get that the solution w
of the PDE (1)-(3) corresponding to zero initial state and
input f belongs to C*°([0, T]; C°[0, 1]) and it satisfies (1)-
(3) pointwise.

Let w € C®°°J0, 1] be the function defined above (7).
Define the error to be

en(t) = Ryw(-, 1) — vn(1) — Rupa[f (1) — fu(0)].

lim sup
%0 1e[0,7]

For ¢t € [0, T], using (1) and (25), we can compute that
e | 0 I][enr) 0
|:En(t):| B [—Pn 0] [én(t)] + [Sn(t)] (37)
e,(0)] [0
o) =[o) e
where 8,(t) = 81(t) 4+ 82(t) + 83(t) with
8y(t) = PuRyw(-, 1) — Ry(EIwy)xx (-, 1) — Buf (1),

82(t) = (PuRupt — B[fu(t) — f(D)],
83(t) = [fu(t) = F(OIRup1.

The solution of (37)-(38) is

en(t)| _ ! nT 0
[én(t)}‘/o ¢ [Mt—r)]d" 59

Since w(-, 0) = 0,£(0) = f£(0) = 0andf,(0) = £,(0) = 0 (see
the theorem statement), it follows from the definition of §,
that 6,(0) = 0. Differentiating the above equation and using
8,(0) = 0 we get

] _ [ a0
[én(t)}_/o e [Sn(t_r)]dr. (40)
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Using the estimate in (34) to bound the right-side of (39)

and (40) we get that
|:én(t):|
e,

en(t)
tes[l(;,pT](‘ [én(t):| Za
0 0
K : 41
: ,S[‘S,"T](H[Mn] zﬁn[mw] ) @

for some constant K independent of n. Next we derive certain
estimates for 8, and 8, which can be used along with (41) to
complete the proof of this theorem.

Recall 8,, 8}, 82 and 8 introduced below (38). Since w
satisfies all the hypothe31s imposed on & in Lemma 1 with
(Elwyy )« (1, t) = f(¢) (see the beginning of this proof), we can

conclude by applying the lemma to w that

lim sup [18,(1)]l24 = 0. (42)

"> ¢e[0,T]

Differentiating the expression for 8! we get S,i ®» =
P,Row; (-, 1) — Ry (EWp ) (-, 1) — B,f(t). The regularity of w
implies that w; also satisfies all the hypothesis imposed on &
in Lemma 1 with (Elws ) (1, t) =f(t). So we can conclude
by applying the lemma to w; that

lim sup [|8,(t)ll2¢ = 0. (43)

=00 te(0,T]
Let us denote the constant (in time) function belonging
to C*°([0, T7; C3[0, 1]) whose value at each time instant
t € [0,T] is u, also by p. Then u satisfies all the
hypothesis imposed on & in Lemma 1 with (EI ) (1, 1) =
1 and we can conclude by applying the lemma to w that
limy,— oo || PpRuit —Ru(EI thyx )xx — Byll2a = 0. From this and
the fact that |R,(El ity )xx |24 can be bounded by a constant
which depends only on maxe(o, 1] [(El thxx)xx (x)], it follows
that |P,R,it — Byll24 < C for some C > 0 independent of
n. Using this and the limit (35) gives

lim sup ||8 e = hm
=00 10,7

sup [182()ll2a = 0. (44)
te[0,T]

Finally from (35) and the fact that ||R, 1|24 can be bounded
by a constant which depends only on max¢[o, 17 | (x)], we get

sup [183()lla = 0. (45)

lim sup ||8 )l2q = l1m
n—00 X te€[0,T]

0 4£[0,T]

Combining the limits in (42)-(45) and recalling the definition
of || - ||z, from (33) we obtain
0
]|,

o,

We will now complete the proof of this theorem. From the
estimate in (41) and the limits in (46) it is easy to conclude

lim sup =0.

=00 te(0,T]

= lim sup
%0 ¢e(0,7]

(46)

that
lim sup I:?"(t)j| = lim sup I:.éj"(t)j| =0.
=00 cro 71 [ Len® [z, m=o0 oy [ LEn® ]l
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The above limits together with the definition of || -
in (33) imply that

llz, given

lim sup llex()llog = lim sup [|EY?Lyen(t)ll2a =0,
n=>00te(0,T] =00 te(0,T]

lim sup [[én(n)ll2g = lim sup ||E,/*Lyén(®)]2a = 0.
=00 te[0,T] =09 t€[0,T]
Since E, is a diagonal matrix whose entries are larger than a
strictly positive constant independent of #n we can rewrite the
above limits as follows:

lim  sup |lex()llo¢ = lim sup ||Lyeu(t)ll2a =0,
=0 1e[0,T] =0 1e[0,T]

lim sup [é,(t)ll2a = hm sup ||Lnén(t)ll2a =0,
=00 (0,1 *tel0,T]

The above limits then in turn imply, via Lemma 2, that

lim sup [lex(t)]loo = lim sup [éu(?)]lco = O.
X e[0,T] =09 t¢[0,T]
The limit in (36) now follows from the above limits, the
definitions of e,(#) and é,(¢) and the limit in (35). O

IV. MOTION PLANNING FOR THE SEMI-DISCRETE
APPROXIMATION WITH CONSTANT E/

In this section we assume that the flexural rigidity ET of the
beam is a constant. Without loss of generality we take EI =
1 so that E,, is the n x n identity matrix.

A steady-state of the finite-dimensional semi-discrete
system (25) is any vector vy € R2" which satisfies A v, = 0.
Suppose that vy, = [ 1% | with vy 4, v2,5s € R". Then from
the definition of A,, in (26) it follows that

Apvgs =0 — PnVl,ss =0,

Recall that P, = L,;r E,.L, = L,-lr L,,, where L, is defined
in (24). Therefore P,v; s = 0O implies that L; Lyviss = 0,
which in turn implies that VlT,serT L,v1.ss = 0 or equivalently
that L,vy s = 0. From the definition of L, it is easy to see
that L,v; ¢ = 0 if and only if

VQ,SS =0.

Vigs = @ o - oe]T for some o € R. (47)

Therefore the steady states of (25) are all vectors of the form
[V' “] where v; ¢ € R” is as given in (47). In this section,
we present an algorithm for finding an input f;, which transfers
the finite-dimensional semi-discrete system (25) from the
zero state to any other steady state over the time interval [0, T']
for some T > 0. Throughout this section, we suppose that
n=>>5.

We will now rewrite the semi-discrete system (25) in a form
useful for finding an input f;, which transfers (25) between
the given steady states. Observe that (25) can equivalently be
written as

V(1) = —Ppvy(t) + Bufu(t)

which is a collection of n scalar differential equations.
By rearranging the terms in each of these equations we obtain
the following set of n equations which are equivalent to (25):

als = —h*[0al1 — 3[vali + 4[val2, (49)

Vit=>0, (48)
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Wala = —h*[nla + 4[vali — Tvala + 4vals,  (50)

Wnljit2 = = nlj — [Valj—2 + 4valj—1 — 6[val;

+4[vulj Vje{3,4,...n—2},
(51)
h4[i}n]n—1 = —[uln=3 +4valn—2 — T[valn-1
w3,
+4[valn — va (52)

213,
F*nln = —nln—2 + 4nln—1 — 3[Valn — % (53)

Here [v,]; denotes the j‘h-component of v, and we have
suppressed the time argument for the sake of brevity.
Equations (52) and (53) can be equivalently written as

1
o= h_3 (valn = 3valn—1 + 3valn—2 — [vulu—3)
- h([Vn]n + [i}n]n—l)» (54)
1
0= @ (11 [vuln — 18[vuln—1 + Ovaln—2 — 2[vnln—3)

h3
+ g([vn]n - 2[i}n]n—l)- (55)

Note that (54) is obtained by adding (52) and (53) and (55) is
obtained by eliminating f;, from (52) and (53).

Next we derive a parametrization of v, and f;, in (48) in
terms of two functions y; and y; and their even derivatives.
Define

[val2 — [vali

. (56)

yi =11, y2=2
so that [v,]; = y; and [v,]» = y1 + h2y2/2. Using these
expressions for [v,]; and [v,]> and (49) we can express
[v,]3 as a linear combination of y;, y» and their even

derivatives as follows:
als = y1 — Ky +2 iy, (57)

Similarly using the above expressions for [v,]1, [v,]> and
[va]3 and (50) we can express [v,]4 as a linear combination
of y1, y2 and their even derivatives as follows:

9 1
[vala = y1 — 5 iyP + S = zhﬁy?. (58)

Repeating the above procedure successively for j =
3,4,...n—2,i.e. using the expressions for [v,]j—2, [Va]j-1,
[va]; and [v,]jy1 and (51) to express [v,]j4+2 as a linear
combination of yj, y2 and their even derivatives, we obtain
the following set of expressions: For j € {1, 2, ...n},
15
2k 2k
bl = D [prah™ 3 + gun 80 (59)
k=0

Here |c] denotes the largest integer less than or equal to
¢ € R and pj and g; ; are some real coefficients. Finally,
substituting the expressions for [v,],, [Vala—1, [Vnln—2 and

33672

[vn]n—3 obtained from (59) in (54) and (55) we can rewrite
(54) and (55) as

L5
2k 2k
fo= 2 [ + i), (60)
k=0
2
2k 2k
0= [end™ +duisf] (61)
k=0

where a, i, bnk,cnk and d, are some real coefficients.
Expressions (59)-(61) are the desired parametrization of v,
and f;, in terms of y; and y>.

Choose y1,y» € C*®[0, T] which satisfy (61). Then [val;
for j € {1,2,...n} and f;, defined using (59) and (60)
also belong to C*°[0, T'] and they satisfy (49)-(55). (This is
because the parametrization (59)-(61) has essentially been
derived by solving (49)-(55) successively.) Therefore v,, and
Jfu determined by the chosen y; and y; satisfy (25) for ¢ €
[0, T]. In other words, [“j: ] defined using (59) is the solution
of (25) on the interval [0, T'] corresponding to the input f,
defined using (60) and initial state I;:Z%] defined using (59).
The following remark gives the formula for some of the
coefficients appearing in the parametrization.

Remark 2. For integers 0 < m < I, the binomial coefficient

IA)
! 1!
(m) Tl —m) 62)

When m > [ or m < 0, we take

l
( ) =0. (63)
m

Recall the coefficients pj i and gj . from (59). The formulae
for these coefficients are

2k — 1
pj,k=<—1)k(’+ " ) (64)
=D+ 2%k -1 j+ 2k
UGk =" [( 4k +2 )+(4k+2>]’ (65)

forallj € {1,2,...n} and k € {0,1,...[(G— 1)/2]}, see
Section B in the Appendix for a proof. Recall c,, o and d,
from (61). In Section D and Section E in the Appendix we
have shown that

cn0 =0, dno = 1. (66)

The next theorem is the main result of this section.
It addresses the problem of finding a control input f;, which
transfers (25) from the zero state to any other steady state over
the time interval [0, T']. We will use the following function in
the theorem: For ¢ € [0, T'] define

t T
v = ( /0 Yo(r)d / /0 Yo(mdz).  (67)
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where the function v : [0, T] — R is given as

ex —|:(1—£)£i|_2 te0,T)
voy=1 r)r]| ) ’

0, t=0 or t=T

From [23] we get that v € G;5[0,T] (i.e. ¥ is a Gevrey
function of order 1.5) and

v(0)=0, ¥(T)=1,

for all integers k > 1.

v®O0)=y®T) =0 (68)

Theorem 3. Let T > 0 and a steady state VOT ] of the semi-
discrete system (25) withvy = [ o -+ «a]' € R" be given.
Recall  from (67). Define the functions y, y1, y» € C*°[0, T]
as follows: For each t € [0, T], let y(t) = ay(¢) and

L5 L)
N0 =D daiy®®), ) == D caiy® (). (69)
i=0 i=0

Then the input f, € C°°[0, T] defined using (60) transfers
the semi-discrete system (25) from the zero state to the steady
state [Vg ] over the time interval [0, T, i.e. the solution [:Z]
of the semi-discrete system (25) with the initial state [8] and

input f,, satisfies [:Zg;] =[7]

Proof: Via a simple substitution it is easy to check that
y1 and y, defined in (69) satisfy (61). Hence [ ;" | defined
using (59) is the solution of (25) on the interval [0, T]
corresponding to the input f;, € C*°[0, T'] defined using (60)
and initial state szggg] defined using (59) (see the discussion
above Remark 2). We will complete the proof of the theorem

by verifying that this solution [ ;" | has the desired initial and
final states, i.e.

vn(0) _ 0 vn(T) _|Vvr
o) =lo] e [rn]=[5] o
From the properties of i in (68) we get that

yT) =a,

Using this in (69) and recalling (66) it follows that the
functions y; and y; satisfy

¥(0) =0, y00) =y (T)=0 Vi=>1.

N0 =0, yM=a »YOy=y*T)=0 vi=1,
»0)=0, yT)=0, YW=y T)=0 Vk=>1.

Using the above conditions in (59) to determine the state of
the solution [lV,Z] attimest = 0and r = T we get

[valj(0) =0,
[Va];(0) =0,

forallj € {1,2,...,n}. Since pjo = 1, which follows by
taking k = 0 in (64), we get from the above conditions that
the solution [ ;" | satisfy (70). This completes the proof of the
theorem. 0

vuli(T) = apj.o0,
[n]i(T) =0
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A. NUMERICAL SIMULATIONS

In this section we numerically illustrate our solution to the
motion planning problem described in Theorem 3. In our
simulations we take n = 8 and the goal is to transfer (25)
from the zero state to the steady state [vg ] with v =
[11--- 117 € R® over the time interval [0, 5]. We have
computed the control input f, required for this transfer by
following the procedure in the statement of the theorem.
Figures 2 and 3 show the solution [ ;" ] of (25) for this input
and zero initial state. As seen from the plots, the solution
starts at the zero state at 0 seconds and reaches the desired

steady state at 5 seconds.

0 1
FIGURE 2. The first component v, of the solution of (25) starts from

[00 --- 0] € R8 at 0 seconds and reaches [1 1 --- 1]T e R® at 5 seconds
as desired.

Time (in seconds)

10

Time (in seconds)

FIGURE 3. The second component v, of the solution of (25) starts from
[00 --- 0] € R8 at 0 seconds and goes backto [00 --- 0] € R8 at
5 seconds as desired.

V. MOTION PLANNING FOR THE BEAM PDE WITH
CONSTANT EI

In this section we take EI = 1 (like in Section I'V) and present
our solution to the motion planning problem, Problem 1, for
the PDE (1)-(3) by building on our results in Sections III
and IV. More specifically, fix 7 > 0 and suppose that
wr 017 is a steady state of (1)-(3) with wr(x) = «
for some @ € R and all x € [0,1]. Then [ ], where
vi = [@a --- ] € R, is a steady state for the n'f-
order semi-discrete system (25). Let f;, be the control input
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in Theorem 3 which transfers (25) from the zero initial state
to the steady state [ ] over the time interval [0, T']. Observe
that by substituting the expressions for y; and y, from (69)
into (60) we can write f;, as

Ny
fom S Gk
k=0 =0
Ny

= D D bukeny® . (1)
k=0 =0

where y is as in Theorem 3. Define
nk =bpk =cpk =dpx =0 YVk>|n+1)/2]. (72)

Using this and changing the order of the summations in (71)
we can rewrite f;, as

o0
fo=D iy, (73)
k=0
where
Tnk = Z (an,idn,l - bn,icn,l)- (74)
i+I=k
i,[>0

In Proposition 4 we show that lim,_, o 1,k = rx for some
r,. € Rand all & > 0 and in Proposition 5 we derive
some bounds for r, x and ri. Using these results we prove
in Proposition 6 that the sequence of control inputs {f;,}7° s
converges to a limit f. In Theorem 7 we show that this f
transfers the PDE (1)-(3) from the zero initial state to the
steady state [wr 0]" over the time interval [0, T], i.e. f solves
Problem 1.

Proposition 4. For each k > 0,

lim rn,k =Tk (75)

n— oo

for some ry € R.

Proof: Observe that r,, x in (74) is given by a finite sum.
We claim that

lim a,o = hm bpo = hm cpno=0, lim d,o=1,
n— oo

n—0o0
(76)
and foreach k > 1
. (= . (=
nlggo ank = m, nl_l)ﬂc}o buik = m (77)
(—DF . (—DF
A Ok = Ty e = ey 09

From the limits in (76), (77), (78) and the definition of r, x
in (74), the limit in (75) follows immediately for each £ > 0.
We will complete the proof of this proposition by establishing
the limits in (76)-(78).

Forn > 5Swehave a, o = b0 =cpo=0andd,o =1,
see Sections D and E in the Appendix for a proof, and so
the limits in (76) hold trivially. We will now establish the
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first limit in (77) corresponding to a, ;. From the procedure
used to obtain (60), i.e. substituting the expressions for [v,],,
Viln—1, [Valn—2 and [v,],—3 from (59) into (54), it is evident
that

ank = h™* 3 (pak = 3pn—t.k + 3Pn—2.k — Pn-3.x)
— h*73 (k=1 + Pt p—1) (79)

forallk € {0, 1, ... [(n+ 1)/2]}. Here the coefficients pj, x,
Pn—1,ks Pn—2,k> Pn—3.,k> Pn,k—1 and Pn—1,k—1 are given by the
formula in (64). Using the identity (A.3) withl = n + 2k —
4 and m = 4k one can verify using the formula in (64) that
n+2k—4

4k — 3 )
Replacing the terms on the right side of (79) using the above
formula and the formulae for p, x—1 and p,— x—1 obtained
from (64) we get

+2k —4 n+2k—3
— (—kp=3) ("
dn = (=1) -3 )T\ ks

n—+2k—4
+( Ak — 4 )j| (80)

Writing the binomial coefficients in the above expression in
terms of factorials and recalling that A = 1/(n — 1) we can
rewrite (80) as follows:

Pk — 3Pn—1k + 3Pn—2k — Pn—34k = (—1)k(

4k—4

N 1 n+2k—4—i
k_(l)[(4k—3)!H -1
ﬁn+2k—3—z
(n—])(4k 4! n—1
1 nt2k—4—i
D@k - 4)H n—1 } 81

=0

The three products denoted by the [] sign in the above
equation converge to 1 as n — oo and the terms multiplying
the second and third among them converge to zero asn — 0.
Taking the limit as n — oo on both sides of the above
equation the first limit in (77) corresponding to aj, x follows.
The limits corresponding to by, i, ¢, x and dy, x in (77) and (78)
can be established similarly. ]

In the last proposition we showed that r, x converges to
ry as n — 0o0. We derive certain bounds for r, ; and r; in
the following proposition. In the proof below, the factorial of
negative integers must be understood to be 1.

Proposition 5. There exists a constant M > 0 such that
k

M
|”n,k|§m Vk>2, Vn=>=35, (32)
Mk

Proof: We claim that there exists a constant M > 1 such
that for alln > 5 and kK > 1 we have
k k

1 Ml
@ = [boi| < ——, 84

<
il = 4k — 4)!
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TN | n,k| < .
(4k — 4)! (4k — 4)!

Indeed, the above estimates hold trivially for any n > 5 and
k > |(n+1)/2], see (72). Suppose that n > 5 and k €
{1,2,...[(n+1)/2]}. Then 2k < n + 1 and so each term
(ratio) in the three products denoted by the [] sign in (81) is
less than 4. Since each of these three products contains less
than 4k terms and the term in front of these products is less
than 1/(4k — 4)!, it follows that |a, x| < 3(4*)/(4k — 4)!.
So the estimate for a,, ; in (84) holds. The estimates for b,, ,
cnk and d, ; in (84)-(85) can be established similarly. This
completes the proof of the claim.

Forn > 5 wehave a, o = b0 =cpo=0and dyo = 1,
see Sections D and E in the Appendix. Using this and the
estimates in (84)-(85) to bound r,, x in (74) we get

ekl < (85)

oMk
gl < D —— Vk=1 Vn>5
L i = — )
i,j>0

Note that the (o + l)th—term in the binomial expansion of (1 +
1)**+8 is less than 2¢7# and so we have (« + B)! < 2°TPa1B!
for all integers «, 8 > 0. Using this to bound the terms in the
above summation we get that

24k+1M{{
<tk+1)——— Vk>2 Vn=>5,
[kl < (k + )(4k—8)! = n=
which implies the estimate in (82). The estimate in (83)
follows immediately from (75) and (82). O

Denote the limits in (76)-(78) to which a, k., by k, ¢nk and
dnx converge as n tends to infinity by ax, by, cx and di,
respectively. Taking the limit as n tends to infinity on both
sides of (74) we get

ne= > (aid — bicy)

i+l=k
i,[>0

Vk=>0. (86)

In the next proposition we will show that the functions f;
defined in (73) converge to the function

o
=2 (87)
k=0

wheny € G1 5[0, T].

Proposition 6. Fix T > 0 andy € G 5[0, T]. Let f and f,
be the functions defined in (87) and (73), respectively. Then
f € C®[0,T] and

nlggo (l/n —f||c4[o,r] =0. (83)

Proof: We will first show that f € C*°[0, 7] and its i
derivative is

e¢]

FOw ="y

k=0

Viel[0,T]  (89)

and for each integer i > 0. Note that the above series is
obtained by termwise differentiation of the series in (87).
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Since y € Gi5[0, T], there exists a constant D > 0 such
that

sup [y < D*H (2K Vk=0. (90)
te(0,T]
Using the estimates in (83) and (90) we get
sup [y )| < ¢, 1)
1€[0,T]
where
Ci B MkD2k+1+i((2k +l)y)15
k= (4k — 8)!
It is easy to verify that
lim % =
k—00 C]i

and therefore it follows via the ratio test that the series
> k=0 C,i converges for each i > 0. Since the terms in
the series in (89) are bounded by C,‘; (see (91)), we can
conclude via the Weierstrass M -test that this series converges
uniformly on [0, T] for each i > 0. Moreover, the limit of
this series belongs to C[0, T'] since each term in it belongs to
C[0, T]. In summary, the series in (89) obtained by termwise
differentiation of (87) converges uniformly to a continuous
function for each i > 0. This implies that f € C*°[0, T'] and
its iM-derivative is indeed given by the series in (89).

We will now complete the proof of this proposition by
showing that (88) holds. From (73) and (87) we get

o0
SO =r0 = Z(rn,k — 1)y

k=0
for every i > 0. Using (82), (83) and (90) it is easy to see that
Ik — 70y o7y < 2CJ. Since > 4o Ci < 0o (see
the discussion in the paragraph above), it immediately follows
that for each € > 0 there exists a k(¢) > 0 independent of n
such that

o
H Z (rpk — 1)y

k=k(€)

<€ Vn>>5.
Cl0,7]

Furthermore, from (75) and (90) it follows that there exists an
n(e) > 0 such that

k(e)—1

H Z (rnk — i)y
k=0

Since € in the above two estimates are arbitrary, we can
conclude that lim,_, o Ilfn(l) — Dl cro.r; = O for each i >
0 and so (88) holds. O

Recall the definition and properties of the steady states
of the PDE (1)-(3) from Section II. The following theorem
presents our solution to the PDE motion planning problem

stated in Problem 1.

<€ V n > n(e).

) C[0,T]

Theorem 7. Let T > 0 and a steady state [wy 0]" of the
PDE (1)-(3), with wr(x) = o for some constant @ € R and
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all x € [0, 1], be given. Fixy = o, where v € G15[0, T] is
the function in (67). Define the function f via (87), i.e.

oo
f=2 %,
k=0

so that f € C*[0, T] and (16) holds. Then the solution w of
the PDE (1)-(3) for the zero initial state and control input f
satisfies

wx,T)=wr and w/x,T)=0 Vxel0,1], (92)

i.e. the control input f transfers the PDE (1)-(3) from the
zero state to the steady state [wr 01" over the time interval
[0, T1. In other words, f solves Problem I for the given T and
steady state [wr 0]".

Proof: Recall the discretization operator R, from the
notations in Section I and observe that [R"(;" r ] is a steady state
of the n'-order semi-discrete system (25). Let the function y
be as in the theorem statement and define f;, using (73). Let
v, be the solution of the n'-order semi-discrete system (25)
for the zero initial state and input f;,. It then follows from
Theorem 3 that

va(T) = Rowr,  vp(T) =0, 93)

i.e. fy transfers (25) from the zero state to the steady state
[R"(;" T ] over the time interval [0, T'].

From the properties of ¥ in (68) and since y = a/, we get
that y € C*°[0, T'] and

YD) =0 Vi>0. (94)

Recall that f, is also given by the finite sum in (71) and
so clearly f, € C*®[0,T] and £(0) = 0 for all i > 0.
From Proposition 6 we get that f defined via (87) belongs
to C*°[0, T] and limy— oo [lfs — f l c4j0.77 = 0. Furthermore,
using (89) and (94) we get that f@(0) = 0 for all i > 0.
In summary, the inputs f,, and f satisfy all the hypothesis in
Proposition 1 and Theorem 2.

From Proposition 1 we get that the solution w of the
PDE (1)-(3) corresponding to zero initial state and input f
belongs to C*°([0, TJ; C3[0, 1]). From Theorem 2 it follows
that this w and v,, defined above (93) satisfy

lim [|R,w(:, T) — vu(T)|loc = O,
n—0o0
lim [|[Ryw; (-, T) — vu(T)|lc = 0.
n—oo
This, together with (93), gives
lim ([|[Raw(-, T) = Rawr lloo + IRxw;i (-, T)lloo) = 0.
n—oo

Now since w(-, T), w:(-, T), wr € CJ0, 1], we can conclude
from the above expression that (92) holds. O

Remark 3. Consider an Euler-Bernoulli beam PDE with
boundary input. The n™-order semi-discrete systems, derived
using the standard finite-difference scheme, for approximat-
ing the adjoint system of this beam PDE are often not
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uniformly (in n) observable. This anomaly is caused by the
behaviour of the high frequency eigenvalues of the semi-
discrete systems. It can however be rectified by modifying
the semi-discrete systems using filtering [8], [9], [11], and
the averaging operator [10], [12], so that the modified
semi-discrete systems are uniformly (in n) observable. Hence
suitably modified n'-order semi-discrete approximations of
the beam PDE can be used to construct control inputs for
transferring the beam PDE between any two given states,
see [8], [9], and [10]. The current paper is significantly
different from these works for two reasons: (i) In this
paper we restrict our attention to the practically relevant
motion planning problem of transferring the beam PDE
between steady states, whereas [8], [9], and [10] consider
the more general problem of transferring the beam PDE
between arbitrary states in the state space, and (ii) we
use the flatness technique to construct our control inputs
which is different from the techniques used in [8], [9],
and [10]. For these reasons, unlike [8], [9], and [10], we can
use the n-order semi-discrete systems obtained using the
standard finite-difference scheme without modifications to
construct the desired control signals, and we have established
this rigorously in this section. Finally, we remark that
unlike [8] which considers clamped boundary conditions,
[9] which considers hinged boundary conditions and [10]
which considers cantilever boundary conditions, we consider
sliding cantilever boundary conditions in this paper:

A. NUMERICAL SIMULATIONS

In this section we numerically illustrate our solution to the
motion planning problem, Problem 1, for the beam PDE (1)-
(3) presented in Theorem 7.

w(z,t)

5

0 o 1

Time (in seconds)

FIGURE 4. The trajectory of the beam displacement w starts from
w(-, 0) = 0 at 0 seconds and reaches w(-, 5) = 1 at 5 seconds as desired.

In our simulations, the goal is to transfer (1)-(3) from the
zero state to the steady state [wr 017, with wr (x) = 1forall
x € [0, 1], over the time interval [0, 5]. We have computed
the control input f required for this transfer by following the
procedure in the statement of the theorem. Observe that the
expression for f is an infinite series, see (87). We truncate

VOLUME 13, 2025



S. Chatterjee et al.: Semi-Discretization of a Euler-Bernoulli Beam and Its Application

IEEE Access

this series after 21 terms to compute a sufficiently accurate
approximation of f. Figure 4 shows the solution w of (1)-(3)
for this input and zero initial state and Figure 5 shows the time
derivative w;. As seen from the plots, the solution starts at the
zero state at 0 seconds and reaches the desired steady state at
5 seconds.

0 o 1

Time (in seconds)

FIGURE 5. The trajectory of the beam velocity w; starts from
wq (-, 0) = 0 at 0 seconds and goes back to w(-, 5) = 0 at 5 seconds as
desired.

VI. MOTION PLANNING FOR THE NONUNIFORM BEAM
PDE
In this section we describe a procedure for constructing
control inputs which can solve the motion planning problem,
Problem 1, even when the flexural rigidity of the beam PDE
is spatially varying. This procedure is a generalization of the
approach that we have presented in Sections IV and V for the
uniform beam. However, unlike in Sections IV and V we do
not provide any proofs in this section. Instead we present a
step-by-step guideline for constructing the control input and
illustrate the efficacy of our procedure using an example.

We will first derive parameterizations for the state and
input of the n-order semi-discrete approximation (25).
These parameterizations, which are analogous to those
developed in Section IV for the uniform beam, will be
required for constructing the desired control inputs using our
guideline.

Note that the nM-order semi-discrete system for the non-
uniform beam (25) can equivalently be written as

—P,v, (1) + Bufu(t) Vit>0, 95)

which is a collection of n scalar differential equations. Here
P, = LJ E,L,. By rearranging the terms in each of these
equations we obtain the following set of n equations which
are equivalent to (25):

Vn(t) =

als = h*o1 00t + 011 vali + 012[val2, (96)
nla =h*02,0[Pnla +02.1[val1 +02.2[Val2 +02.53[Val3,
7

Wnlj+2 =h*0j 0[Vn]i 07 2 Vnljm2 +0j 1 Valj—1
+0jjlvalj + 0jjr1lvali+1 Vj€(3,4,...n=2},
(98)
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4o
W [plp—1 = Opn—1,n-3 Vnln—3 + Onfl,an[Vn]n72

h3
+ 0n—1.n—1Valn-1 + on—1.nlvaln — %’
99)
h4[i}n]n = O‘n’n_z[vn]n_z =+ Uﬂ,n—l[vn]n—l + Gn,n[Vn]n
2h’
B an' (100)

The above equations are analogous to (49)-(53) derived
in Section IV for the uniform beam. The constants o;;
in these equations are determined by the flexural rigidity
EI, see Appendix C for the definition of these constants.
Equations (99) and (100) can be equivalently written
as:
1
fn = ﬁ (O'nfl,n73 Valn—3 + (Unfl‘n72 + Un,n72)[vn]n72
+ (Un—l,n—l + Gn,n—l)[vn]n—l + (Un—l,n + Un,n)[vn]n)

1
0= a (2Un—1,n—3[vn]n—3 + (Zan—l,n—2 - O'n,n—Z)[Vn]n—Z
+(26n—l,n—l - Un,n—l)[vn]n—l +(26n—l,n - 0'n,n)[vn]n)
n o .
- g(z[vn]n—l — [Vuln).

Note that (101) is obtained by adding (99) and (100)
and (102) is obtained by eliminating f;, from (99) and (100).
Define

(102)

[Val2 — [V

h? '
Following the procedure used to obtain (59), (60) and (61)
from (49)-(55) by substituting for [v,]; and [v,]» from (56),
we obtain (104), (105) and (106) from (96)-(102) by
substituting for [v,]; and [v,]> from (103):

=]

yi=[ul, y»=2 (103)

2k 2k
ol = > [piah™y 70 + g B8] 104y
k=0
L= )
k k
fo= [an,ky(f by )] : (105)
=0
L)
2k 2k
0= z I:Cn,ky(l )"f'dn,ky(Q ):|» (106)

k=0
Once n is fixed, the procedure used to obtain (104)-(106)
naturally yields the values of the coefficients pj«, gk, Gn.k»
bn.ks cnk and dy k.

Suppose that y;,y» € C*[0,T] are chosen such
that (106) holds. Then v, and f, determined via (104)
and (105) solve (95), see the discussion below (61) for the
reasoning. So (104)-(106) is a parameterization for the nth-
order semi-discrete approximation (25) of the nonuniform
beam. We now present our guideline for constructing control
inputs which can solve the motion planning problem,
Problem 1.
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Guideline for solving Problem 1

Given. A steady state [wy 0]" of the PDE (1)-(3) with

wr(x) = «a for all x € [0, 1] and some & € R and a time

of transfer T > 0.

Step 1. Fix n € N large. Find the values of the coefficients
an.k> bnk, cn k and d, i appearing in (105)-(106).

Step 2. Lety = %, where v is the function defined in (67).

Compute the functions y1 and y; as follows:
5] B

n®= Y duiy®0), y0)=—D" cary® ()
k=0 k=0

foreacht € [0, T].

Step 3. Compute the control input f;, using (105) and the
functions y; and y, obtained from Step 2.

Step 4. Apply f,, to the PDE (1)-(3) and verify if ||w(-, T) —
wr | ¢y, 17 is sufficiently small. If not, increase n and
repeat Steps 1-4.

The control input f;, obtained using the above guideline
transfers the PDE satisfactorily from the zero initial state
to the desired final steady provided n is sufficiently large.
Moreover, f, converges to a limiting function f as n — 00
which solves Problem 1. We have verified this extensively
in simulations (one such simulation is presented in the next
section) and hope to establish it theoretically in a future
work. We remark that the above guideline for constructing
the control inputs is consistent with the approach presented
in Sections IV and V for constructing control inputs for the
uniform beam. In particular, when EI = 1, the input f,
computed using the guideline converges to the control input
f presented in Section V as n — oo.

Remark 4. In this paper we have presented an approach
for constructing control signals which can transfer
Euler-Bernoulli beams with sliding cantilever boundary
conditions between steady states. We have established the
efficacy of this approach theoretically for uniform beams
in Sections IV and V and via a numerical example for
nonuniform beams in this section. Our approach can in
principle be used for transferring Euler-Bernoulli beams with
other boundary conditions between steady states. Indeed,
in our conference paper [21] we have demonstrated this
numerically for Euler-Bernoulli beams with hinged boundary
conditions.

A. NUMERICAL SIMULATIONS
In this section we consider a motion planning problem,
Problem 1, for a non-uniform beam PDE. We demonstrate
numerically that the control inputs f; constructed for this
problem using the guideline given above converge to a
limiting function f as n — oo and that f;, solves the problem
satisfactorily provided 7 is sufficiently large.

Consider the beam PDE (1)-(3) with the following flexural
rigidity: EI(x) = 1 + 3x for all x € [0, 1]. Our objective
is to solve the motion planning problem of transferring this
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= —
O_I‘ o
T

lf = f2000 HCZ[O‘S]

-
S
n

10" 10? 10°
n
FIGURE 6. The difference |f, — f2°°°”c2[0,5] decays as n is increased
which indicates that f, converges to a limiting function f as n — oco.

2H fll() f70
_fSU _____ fl()()
1__f50 ___fIOOO

0 1 2 3 4 5
Time (in seconds)

FIGURE 7. The plots of f; for n € {10, 100, 200, . .. 1000}. It is evident
from these plots that f, converges to a limiting function f as n — co.

14
0.8+
= 0.64

02 0 0 1 Time (in seconds)

FIGURE 8. The trajectory of the beam displacement w starts from zero at
0 seconds and reaches close to one at 5 seconds when the control input

is fig00-

beam PDE from the zero initial state to the final steady state
[wr 0]7, where wr(x) = 1 forall x € [0, 1], over a 5 second
time interval. Accordingly, for n € {10, 100, 200, ... 1000},
we compute the control input f,, required for this transfer by
following the steps in our guideline and verify numerically
that the control input fijogp solves the motion planning
problem satisfactorily. Figure 6 shows that the difference
between f,, and f,, is small when n and m are large, which
indicates that f;, converges to a limiting function f as n —
oo. This is also evident from the plots of f;, for n €
{10, 30, 50, 70, 100, 1000} shown in Figure 7. Figures 8
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and 9 show that figgo transfers the PDE (1)-(3) close to the
]T

final steady state [wz 0] ' in 5 seconds.

02 0 0 1 Time (in seconds)

FIGURE 9. The trajectory of the beam velocity w; starts from zero at
0 seconds and comes back close to zero at 5 seconds when the control
input is f]ooo.

VIi. CONCLUSION

In this paper we have solved a motion planning problem
for a Euler-Bernoulli beam with sliding cantilever boundary
conditions using the early lumping approach. We have
derived a finite-difference based semi-discrete approximation
of the beam PDE and showed that the solution to the
semi-discrete system converges to the solution of the PDE as
the discretization step size tends to zero. Given a steady state
of the beam PDE and a time interval, in the case of a uniform
beam we have shown that control signals derived via the
flatness technique for transferring the semi-discrete system
from the zero state to the steady-state obtained by discretizing
the given beam steady-state converge to a limiting control
signal as the discretization step size tends to zero, and that
this limiting control signal transfers the beam PDE from the
zero state to the desired steady state over the given time
interval. The same is also true in the case of a nonuniform
beam and we have demonstrated this using a numerical
example. Future work will focus on extending the early
lumping approach to solve motion planning problems for
more complex (nonlinear, higher-dimensional) PDEs.

APPENDIX

A. PROPERTIES OF THE BINOMIAL COEFFICIENTS

Recall the binomial coefficients from Remark 2, see (62)
and (63). We present four identities below which we will
use in this Appendix. Let / and m be two integers. The first
identity is

(121)_(;):(;11[—1)

see [24, Chapter 5,Section 1] for a proof. Substituting / + 1 in
place of [ in the above identity we get

[+2 I+1y _ [(1+1
m m ) \m—-1)
Subtracting (A.1) from the above equation and simplifying
the terms on the right side of the resulting equation,

Vi>0, (A1)
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by using (A.1) with m — 1 in place of m, we get our second
identity:

()20 ()
:(iitll)_(ml—l):(ml—Z) Iz 0. (A2)

Using [ 4 1 in place of / in the above equation we get

(500 () =65)

Subtracting (A.2) from the above equation and simplifying
the terms on the right side of the resulting equation,
by using (A.1) with m — 2 in place of m, we get our third
identity: For any [ > 0,

(DA 0L1)

Proceeding this way, i.e. subtracting (A.3) from the expres-
sion obtained by replacing [ with [ + 1 in (A.3) and then
using (A.1) to simplify the terms on the right side we get our
fourth and final identity:

(1)) ()
() ()= (L) vise e

B. VERIFICATION OF THE FORMULAE FOR Pj .k AND 9.k
The parametrization for v, in (59) can equivalently be written
as

n
[l = [Pj,kh4ky(12k) + Clj,kh4k+2y(22k)] (A.5)

k=0

if we define pjx = gjx = Oforj € {1,2,...n} and k €
{LG—D/2]+1, |G — 1)/2]+2,...n}. Using the convention
adopted in (63) it is easy to see that the p; x and g; x for these
values of j and k are also given by the formulae (64) and (65).
We verify below that (A.5) holds with p; x and g; x given by
the formulae in (64) and (65) forj € {1,2,...n} and k €
{0,1,...n}.

Comparing the parameterizations for [v,]1, [V, ]2, [v,]3 and
[vi]a obtained from (A.5) with (56), (57) and (58) it is easy
to see that

plo=1, pix=0 VYke{l,2,...n},
Gk=0 Vke{0l,...n),

po=1 prr=0 Vke(l,2,...n},
6]2,025, @pr=0 Yke{l,2,...n},
pio=1, ps1=-1, p3x=0 Vke{23,...n},
Bo=2, @i=0 VYke{l,2,...n},
pao=1, ps1=-5 pir=0 Vke{23,...n},
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q4,0 = =, qax =0 Vke{23,...n}

1
5 1 =5

The values of p;j; and gj for j € {1,2,3,4} and k €
{0, 1,...n} shown above are the same as those given by
the formulae in (64) and (65). We will now show via
mathematical induction that the values of p; and g; for
j € {56,...n}and k € {0, 1,...n} are also given by the
formulae in (64) and (65).

Suppose that for some 4 < m < n the values of p;; and
gjk forallje {4,5,...m}and k € {0, 1, ...n} are given by
the formulae in (64) and (65). Taking j = m — 1 in (51) we
get

Walis1 = —h* alae1 — alias + 4[valin—2

— 6[vulm—1 + 4vala-
(A.6)

Substituting the parameterizations for [v,]m—-3, [Valm—2,
[vilm—1, [valm and [vuls+1 from (A.S) into the above

equation and comparing the coefficients of h* y(12k) and
h*k +2y(22k) on both sides of the resulting equation we get
Pintlk = —Pin—1,k—1 — Pin—3k + 4 Pin—2.k
—6pn—1k +4pak, (A7)
Gin+1k = —qGin—1,k—1 — Gin—3k + 4 gin—2,k
=6 gn—1.k +4 gink (A.8)

for all k € {0, 1, ...n}. Here Pn—1,—-1 = Y4m—-1,—1 = 0.
The induction assumption implies that the values of the
coefficients ps—1x—1, Pi—3.k» Pin—2.k> Pin—1,k and pg j are
given by the formula in (64). Replacing these coefficients on
the right side of (A.7) using the formula from (64) and then
simplifying the resulting summation using the identity (A.4)
with [ = m + 2k — 4 and m = 4k we get
fm+2k
Pin+1k = (=1) ( Ak )

B (_1)’<((ﬁ’+ 1)+ 2k — 1)
N 4k

for all k € {0, 1,...n}. Hence the value of p;41x is also
given by the formula in (64). So we have shown that py4
is given by (64) and if pjx for all j € {4,5,...m} and
some m < n is given by (64), then p;s41x is also given
by (64). So it follows from the principle of mathematical
induction that the value of p;  forallj € {4,5,...n}and k €
{0, 1, ...n} is given by the formula in (64). This completes
the verification of the formula for p;; in (64). The formula
for g« in (65) can be verified analogously via mathematical
induction using (A.8).

C. ADDITIONAL NOTATIONS
Recall the notation EI and & from Section III. The constants
o;,;j appearing in (96)-(100) are defined as follows:
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TABLE 1. The definitions of the constants g; ; in (96)-(100).

Notation  Definition
011 — (2EI(0) + ZEIL(0) + EI(h)) /EI(h)
012 (2E1(0) + ZEIL(0) + 2EI(h)) /EI(h)
02,1 (2E1(0) + ZEL(0) + 2EI(h)) /EI(2h)
02,2 — (2EI(0) + ZEL(0) + 4EI (h) + EI(2h)) /EI(2h)
gj.0 —1/EI(jh) vjed{1,2,...n—2}
gjj—2 —EI(jh — 2h) / EI (jh) vje{3,4,...n—2}
gjj—1 (2EI(jh — 2h) + 2EI(jh — h)) /EI (jh)
Vi€ {3,4,...n—2}
ojj — (EI(jh — 2h)+4EI (jh — h)+EI(jh)) /EI (jh)
Vi€ {3,4,...,n—2}
0jj+1 (2EI(jh — h) + 2EI(jh)) /EI(jh)
vjie{2,3,...,n—2}
On—1n—3 —EI(1—2h)
On—1pn—2 2EI(1 —2h) + 2EI(1 — h)
On—1n—1 —EI(1—2h) —4EI(1 — h) — 2EI(1) + 2 EI,(1)
On—1n 2EI(1 — h) + 2EI(1) — 2 EL(1)
Onp—2 —EI(1—h)
On—1 2FI(1 — h) 4 2EI(1) — %hEIX(l)
Tnn —EI(1 — h) — 2EI(1) + ZEL(1)

D. PROOFOF a, o =0, ¢, 0 =0
From the procedure described above (60) for deriving (60)-
(61), it is evident that

1
ano = ﬁ(pn,() —=3Pn-1,0+ 3 Pn—2,0 — Pn-3,0)>

1
Cno = @(Ul’n,o —18py—1,0 +9Pn—2,0 — 2pn-3,0)

forn > 5. Letting k = 0 in (64) we get p; o = 1. Using this
in the above expressions we get a, 0 = ¢,,0 = 0.

E. PROOFOF b, g =0,dp ¢ =1
From the procedure described above (60) for deriving (60)-
(61), it is evident that

1
buo = E(QH,O —=3¢n-1,0+3 gn-2,0— qn-3,0), (A9)

h
dno = 8(1 1gn,0 — 18¢n—1,0 + 9 gn—2,0 — 2gn-3,0) (A.10)
for n > 5. Letting k = 0 in (65) we get
G—17°

qj,0 = 5

Using this in (A.9) and (A.10) we get b, 0 = O and d, 0 =
(n — D)h. Since (n — 1)h = 1, it follows that d, o = 1.
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